HILBERT COEFFICIENTS OF m-PRIMARY IDEALS 
IN ONE-DIMENSIONAL NOETHERIAN LOCAL RINGS 

m ! ASUKI KOURA AND NAOKI TANIGUCHI 

o, 

OQ \ Abstract. This paper mainly studies the behavior of the first Hilbert coefficients 

ei(I) of m-primary ideals / in one-dimensional Noctherian local rings (A, m). The 

^pj purpose is to characterize those local rings A for which the first Hilbert coefficients 

"^h ' e i(-0 °f na-primary ideals / sit within the range of finitely many values. Examples are 

V/~j [ explored. 



< 



1. Introduction 



Let A be a commutative Noetherian local ring with maximal ideal m and d = dim A > 
1. For each m-primary ideal I in. A and for each integer n > we put 

R I (n)=£ A (A/I n+1 ) J 

where i.A{A/I n+1 ) denotes the length of A/I n+1 . Let us call Hj(n) the Hilbert function 
of A with respect to I. Then, as is well-known, there exist integers {ej(/)}o<j<,2 such 
that 
£V TT / x ,^fn + d\ ,^fn + d-l\ , d 



Uj(n)=e (I)[ d j-e x (I)i rf _ 1 l) d e d (I) 



for all n ^> 0. We call the integer ej(J) the z'-th Hilbert coefficient of /. The positive 



integer e (I) > is particularly called the multiplicity of A with respect to I and has 
S \ been explored intensively. We put 

A (A) = {ei(J) | J is an m-primary ideal in ^4}. 

In this paper we study the behavior of the first Hilbert coefficients ei (/) of m-primary 

^ | ideals / in one-dimensional Noetherian local rings and the main result of this paper is 

H ■ summarized into the following. 

CS ■ 

Theorem 1.1. Let (A, m) be a Noetherian local ring with d = dim A > 1. Then the 

following are equivalent. 

(1) A(A) is a finite set. 

(2) d — 1 and A/H^A) is analytically unramified. 

Here H^(A) denotes the 0-th local cohomology module of A with respect to m. 

The classical theorem of M. Narita [3] shows that if A is a Cohen-Macaulay local ring, 
then ei(J) > for every m-primary ideal I in A. Therefore, if A is a Cohen-Macaulay 
local ring of dimension d > 1, the question of when the set A (A) is finite is equivalent 
to asking when the supremum of the values e\(I) is finite. Our Theorem 1 1 . 1 1 settles the 
question, showing that such Cohen-Macaulay local rings are exactly of dimension one 
and analytically unramified. 
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We shall prove Theorem 11.11 in Section 3. Our key for the proof is the method of 
calculation of ei(J) in Cohen-Macaulay local rings of dimension one. The method is 
already known and not due to us (see, e.g., E. Matlis [2]). However, since it plays a 
very important role in our paper, in Section 2 we shall briefly explain the method, in a 
slightly different manner from that of [2]. 

In Section 2 we will also show the following, where A denotes the integral closure of 
A in its total ring Q(A) of fractions. 

Proposition 1.2. Let (A, m) be a Cohen-Macaulay local ring with dim A = 1. Suppose 
that the residue class field A/xn of A is infinite. Then the equality 

A(j4) = {Ia(B/A) J A C B C A is an intermediate ring which is a module-finite extension of A} 

holds true. 

Here we only need the assumption in Proposition 11.21 that the residue class field is 
infinite, in order to make sure of the existence of a minimal reduction, for a given 
m-primary ideal, genera ted by a single element. 

The heart of Theorem II. II is the following. Here we are able to delete the assumption 
that the residue class field is infinite, thanks to the standard technique of enlarging the 
residue class field, which we shall explain in Section 2. 

Theorem 1.3. Let (A, m) be a Cohen-Macaulay local ring with dim. A = 1. Then 

sup A (A) = £ A (A/A). 

Therefore, A(A) is a finite set if and only if A is analytically unramified. 

By Theorem 11.31 we know the value t = supA(v4). However it is not necessarily true 
that 

A(A) = {n e Z | < n < t}. 

Including such an example (Example 14.71) . in Section 4 we will explore concrete exam- 
ples, in order to illustrate our theorems. 

2. Preliminaries for the proof of Theorem 11.11 

Throughout this section, unless otherwise specified, let (A, m) be a Cohen-Macaulay 
local ring of dimension one. Let I be an m-primary ideal in A and assume that / 
contains a parameter ideal Q = (a) as a reduction. Hence there exists an integer r > 
such that I r+1 = QL r . This assumption is automatically satisfied, if the residue class 
field A/m is infinite. We put 



I l = \l. x ei n XcQ(A) 

a n \a n J _ K J 

C Q(A), 



for n > and let 

b = a\L' 

where Q(A) denotes the total ring of fractions of A. Then, since -Q C ^j- for all n > 0, 
we get ^ = ^ if n > r. Therefore 

° a™ a r — 

Tn jr 

b = I J - = - s r 

n>0 



as an A-module. Hence the A-module B is finitely generated, so that A C B C A. 

The following Lemma [27T1 is the key for our proof. The result of the present form is due 
to [H Lemma 2.1] (see also j2]). Let us note a brief proof for the sake of completeness. 

Lemma 2.1 (|U Lemma 2.1], [2]). Let (A, m) be a Cohen- Macaulay local ring with 
dim A = 1 . 7e£ J be an m-primary ideal in A and assume that I contains a parameter 
ideal Q = (a) as a reduction. Choose an integer r > such that 7 r+1 = QI r . Then we 
have 

(1) e (J) = £ A (A/Q) and 

(2) ei (J) = ^(/7Q r ) = ^(B/i) < i A (A/A), 

r 

a 



where B = A 
Proof. Since 



r +1 /Q n+1 

for all n > 0, we get J r /g r = 5/A and 

£ A (A/I n+1 ) : 



rn+1 



,n+l 



]/A C B/A 



> 



£ A (A/Q n+1 )-£ A (I n+1 /Q n+1 ) 
£ A (A/Q n+1 )-£ A (F/Q r ) 
£ A (A/Q n+1 )-£ A (B/A) 
n + V 
1 



£a(A/Q) 



-£a{B/A). 



Therefore 



if n > r — 1 . 



^(A// 



n+l^ 



iWQ) 



n 



i(BM). 



D 



Conversely, let A C 5 C A be an intermediate ring such that B is a finitely generated 
A-algebra. Choose a non-zerodivisor a G m of A so that a5 C A. We put 7 = aB. 
Then 7 is an m-primary ideal in A and 



Since B = A 
Proposition 2.2. 



[aB) 2 = a 2 B = a(aB) = al. 



— , by Lemma [2.11 we get the following. 
a 



e A (B/A)= ei (I)eA(A). 
We are now able to prove a part of Theorem 11.31 using Proposition 12.21 
Lemma 2.3. Let (A,m) be a Cohen-Macaulay local ring with dim A = 1. Then 

sup A {A) >£ A (A/A). 



Proof. Let t = sup A (A) and assume that t < £ A (A/A). Then there exist 2/1, 2/2, • • • , 2/£ £ 



A such that £a( 



Z)i=i^?/i M) > *■ Look at tne ring 5 = A[y x ,y 2 , ■ ■ ■ ,yt]. We then 



have AC B C A and 



t<^( 



5>i/< 



i=l 



M) < * A (fl/A), 



which is impossible, since £ A (B/A) G A (A) by Proposition E2 Thus £ > £a(B/A). D 
Let us prove Proposition 11.21 



Proof of Proposition 11.21 Let / be an m-primary ideal in A and choose a reduction 
Q = (a) of /. We put B — A — . Then B is a module-finite extension of A and by 



Lemma [2. II we get ei(J) = £ A (B/A). Hence 
A(A) C {^^(B/A) ACBC A is an intermediate ring which is a module-finite extension of A}. 
See Proposition 12.21 for the reverse inclusion. □ 

We now explain the standard technique of enlarging the residue class field. In the 
rest of this section, let (A, m) be a Noetherian local ring. We consider the localization 
A(X) = A[X] P of the polynomial ring A[X], where p = mA[X]. Then the composite 
map 

A — > A[X] -^ A(X) = A[X\ 

is a flat local homomorphism of Noetherian local rings. We put n = mA(X), the 
maximal ideal of A(X). Then, since A(X)/n = (A/m)(X), the residue class field 
A(X)/n of A(X) is infinite, dimv4(X) = dim A, and for each A-module M 

Z A {M)=l A{x) {A{X)® A M). 

Also, since n = vtiA(X), A(X) is a Cohen-Macaulay local ring if and only if A is a 
Cohen-Macaulay local ring. Therefore, if I is an m-primary ideal in A, then IA(X) is 
an n-primary ideal in A(X) and for all n > we have 

£ A (A/I n+l ) = £ A{X) (A(X)® A (A/I n+1 )) 
= £ A{X) {A{X)/{IA{X)T +1 ). 

Hence, if dim A > 1, we get 

Fact 2.4. 

e (J) = eo(IA(X)) and ei (J) = ei (M(X)). 

Thus, when we consider Hilbert functions, we are able to assume, passing to the ring 
A(X) = A[X] mA \x], that the residue class field of A is infinite. 
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3. Proof of Theorem 11.11 

Let (A, m) be a Noetherian local ring with dim A = d > 1. The purpose of this section 
is to prove Theorem ll.il We begin with the partial proof of (1) =>- (2) in Theorem ll.il 
which asserts that if the set 

A(A) = {ei(J) | J is an m-primary ideal of A} 

is finite, then d = 1. 

Partial proof of (1) =>• (2) in Theorem \l.l[ Let / be an m-primary ideal in A. Then for 
all integers k > 1 we get 

<*(/') = k'MD, «.(/*) = ~e a (I»= d + 2 "' J '-^-" .^. 
In fact, by the definition of Hilbert coefficient ej(J fc ), we have 

(1) i A (A/(I k r +1 ) = eo(/ fc ) ( n+ /)- *(/*) (" Y_ ~ *) + ■ " " + (-l) d e d (I k ) 

for n ^> 0. On the other hand, we have 

(2) £ A (A/(I k ) n+1 ) = £ A (A/I {kn+k ' 1)+l ) 

, T J{kn + k-l) + d\ , T .f(kn + k-l) + d-l 

= eo(/) ( d - ei(/) l d-1 



and 



where 



+ --- + (-l) d e d (J), 



kn + k + d-l\ 7r if n + d\ fn + d-l\ ,. ± . 

I = A; I I + a I 1+ {lower terms) 

kn + k + d-2\ d _ x fn + d - 1\ ,. ± N 

I = /e I I + {lower terms), 



a = k^(k + ^)-^(d+l). 



We now compare the coefficients of n d in equations (1) and (2) and get 

e (/ fc ) = fc d -e (J). 
Similarly, comparing those of n d ~ 1 , we see 

ei (/ fc ) = -eoOOa + exOO^- 1 

= -e (/) (V + ^y^ 1 " ^^) + e^I)^ 1 

= ^■e (/)^ + 2ei(/) - e f Hrf - 1) -^. 

Hence d = 1, if the set {ei(J fc ) | k > 1} is finite. □ 

We are now in a position to prove Theorem 11.31 
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Proof of Theorem 11.31 Thanks to Lemma 12.31 it is enough to show that supA(A) < 

£a(A/A). We may assume £a(A/A) < oo. Hence A is a finitely generated A-module, 

so that A is reduced. Therefore A[X] = A[X], where X is an indeterminate over A. 
Consequently 

(A[X}) v = A[Xl = A(X), 

where p = mA[X]. Let B = A(X) and n = xnB. Hence (B,n) is a Cohen-Macaulay 
local ring with dim I? = 1. Let / be an m-primary ideal in A. Then, since the residue 
class field B/n is infinite, there exists a G IB such that aB is a reduction of IB. 
Therefore 

e l (I) = e 1 (IB)<£ B (B/B) 

by Lemma f2.1( 2) and Fact 12.41 On the other hand, because (A[X]) P = B and B is a 
flat A-module, we obtain the following exact sequence 

-► B® A A -» B ® A A -»■ BtguA/A -»■ 

£ 5 £/£ 

of £>-modules. Therefore we have 

ei(J) = ei(JB) < £ fl (S/B) = ^(]i/A) 

and hence 

sup A (A) = £ A (A/A) 

as claimed. 

Since the analytical unramifiedness of A is equivalent to the finite generation of the 

A-module A, A(A) is finite if and only if A is a reduced ring. This completes the proof 
of Theorem 11.31 □ 

When the base ring A is not necessarily Cohen-Macaulay, Theorem 11.31 is stated as 
follows. 

Theorem 3.1. Let (A,m) be a Noetherian local ring with dim A = 1. Then 

supA(A) = £ B (B/B) -e A (R° m (A)) and 

infA(A) = -£ A (K(A)), 

where B = A/H°(A). 

Proof. Let W = H° (A). Then B = A/W is a one-dimensional Cohen-Macaulay local 
ring. Let I be an m-primary ideal in A and look at the exact sequence 

->• W/[I n+1 nf]4 A// n+1 -»• B/I n+l B ->■ 

of A-modules. Then since J n+1 n IV = (0) for all n > 0, we get 

^(A//™ +1 ) = £ A (B/I n+1 B)+£ A (W) 

= e (IB)( n + 1 )-e 1 (IB)+£ A (W). 



Hence 



e (I)=e (IB) and e 1 {I) = e 1 {IB) - £ A {W) > -£ A (W), 
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since ei(IB) > by [3J. If I is a parameter ideal in A, then IB is a parameter ideal in 
B and we get 

ei(7) = ei (IB) - £ A (W) = -£ A (W). 

Therefore, since every mi?-primary ideal J in B has the form J = IB for some 
m-primary ideal I in A, we readily get the required estimations 

supA(A) = supA(B) -£ A {W) and 

= £ B (B/B)-£ A (W) 
infA(A) = -£ A (W). 

D 
The following is a direct consequence of Theorem 13.11 

Corollary 3.2. Let (A, m) fee a one-dimensional Noetherian local ring. Then A(A) is 
finite if and only if B = A/H^A) is analytically unramified. 

Let us finish the proof of Theorem 11.11 

Proof of Theorem \1.1[ The implication (2) =>- (1) in Theorem 11.11 now follows from 
Corollary 13.21 which completes the proof of Theorem ll.il because d = 1, thanks to the 
partial proof of (1) =>■ (2) in Theorem 11.11 above. □ 

4. Examples 

Let us explore examples. 

Let a±, a 2 , . . . , a^ {£ > 1) be positive integers such that GCD(ax, a 2 , . . . , ai) = 1 and let 
V = k[[t]} be the formal power series ring over a field k. We put A = k[[t ai , t a2 , . . . , t ae }} 

and H = (Xli=i c i a « I < Q G Z). Hence A is the semigroup ring of the numerical 

semigroup H. We have V = A and £ A (V/A) = (j(N \ H), where N = {n \ < n G Z}. 
Let c = c(i?) be the conductor of H . 

Example 4.1. Let q = JJ(N \ H). Then 

A(A) = {0,l,...,g}. 

Proof. We may assume g > 1. Hence c > 2. Let us write S = {c\,C2, ■ ■ ■ ,c q } with 
l = ci<c 2 <---<c g = c-l and put £?j = A[t Ci , t Ci+1 , . . . , t Cq ] for each 1 < i < q. We 
then have the descending chain 

V = B 1 D B 2 D ■ ■ ■ D B q 2 B q+1 := A 

of A-algebras, which gives rise to a composition series {Bi/A}i<i< q+ i of the A-module 
V/A, since £ A (V/A) = q. Hence £ A (Bi/A) = q + 1 — i for all 1 < z < g + 1 and therefore, 
setting a = t c and /; = aBi (C A), by Proposition 12.21 we get e 1 (/ i ) = q + 1 — i. Thus 
A(A) = {0, 1, . . . , q} as claimed □ 

Because q = ^-^ if H is symmetric (that is A = k[[t ai ,t a2 , . . . ,t a ']} is a Gorenstein 
ring), we readily have the following. 

Corollary 4.2. Suppose that H is symmetric. Then A(A) = {0, 1, . . . , ^j • 
We shall explore one more numerical semigroup ring. 
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Corollary 4.3. Let A = k[[t n ,t n+ \ . . . ,t 2n ~ 1 ]] (n>2). Then A(A) = {0, 1, . . . ,n- 1}. 
For tfie zdea/ / = (t n , t n+1 , . . . , t 2n ~ 2 ) of A, one has 

pm f r(A)-l (n = 2), 

eilij ~ \ r(A) (n>3). 

Proof. See Example 14.11 for the first assertion. Let us check the second one. If n — 2, 
then the ring A is Gorenstein and / is a parameter ideal in A. Hence e\(I) = t(A) — 1 (= 
0). Let n > 3 and put Q = (t n ). Then Q is a reduction of J, since 71/ = QV. Because 

4-1= MM] 

a 

and m = t n V, we get A :q(a) m = k[[t]]. Hence 

ei (J) = ^»]]M) = e A ([A : Q{A) m]/A) = r(A), 

as claimed. D 

Remark 4.4. In Example 14.31 J is a canonical ideal of A. Therefore the equality 
ei(J) = r(A) shows that if n > 3, A is not a Gorenstein ring but an almost Gorenstein 
ring in the sense of pQ (see (TJ Corollary 3.12] also). 

We now consider the case where the base rings are not analytically irreducible. 

Example 4.5. Let (R,n) be a regular local ring with n = dimi? > 2. Let 
Xx,X 2 , . . . ,X n be a regular system of parameters in S and put for each 1 < i < n, 
Pi = (Xj | 1 < j < n, j j^ i). We look at the ring 



A = R/[)P i . 



%=\ 



Then A is a one-dimensional Cohen-Macaulay local ring with A(A) = {0, 1, . . . , n — 1}. 
Proof Let Xi denote the image of X t in A. We put pi = (xj | 1 < j < n, j ^ i) and 

n 

B = 1 J (A/pi). Then the homomorphism 

4 = 1 

<p : A —$■ B, a h-> (a, a, . . . ,a) 
is injective and B = A. Since xxiB = m and /j,a(B) = n, we get £a(B/A) = n — 1. Let 

Bj = (0, . . . , 0, 1, 0, . . . , 0) for 1 < j < n and e = J] e,-. Then 5 = Ae + ^Zi Ae,. We 

i=i 
put 

i 

5j = Ae + ^ Aej 

3=1 

for each 1 < % < n — 1. Then since Bi = A[ei, e 2 , ■ ■ ■ , ej], -Bj is a finitely generated 
A-algebra and Bi C 5j +1 . Therefore the series 

B = B n _ x D 5 n „ 2 D • • ■ D Bi 2 5 := A 

gives rise to a composition series of the A-module B/A. Hence i^Bi/A) = i for all 
< i < n - 1 and thus A(A) = {0, 1, . . . , n - 1}. □ 



Let A be an one-dimensional Cohen-Macaulay local ring. If A is not a reduced ring, 
then the set A (A) must be infinite. Let us explore one concrete example with A (A) 
infinite. 

Example 4.6. Let V be a discrete valuation ring and let A = V ix V denote the 
idealization. Then A(A) = {n | < n G Z}. 

Proof. Letif = Q(V). Then Q (A) = if txif and! = Vtxif. We put B n = Vk ( V— 

for n > 0. Then AC B n CA. We have 

£ A (B n /A) = £ v (B n /A) 

= £v([v®(v~\/[v®v]) 
= £v(v~/v) 

= £ v (V/t n V) 

= n. 

Hence, thanks to Proposition 12.21 we get n G A(A) and therefore 

A(A) = {n | < n G Z}. 

D 

We close this paper with the following. 

Example 4.7. Let X/A; (if 7^ k) be a finite extension of fields and assume that there 
are no proper intermediate fields between K and k. Let n = [K : k] and choose a 
fc-basis {u)i}i<i< n of if. Let K [\t]] be the formal power series ring over K and put 
A = k[[wit, u 2 t, . . . , co n t]] C if [[£]]. Then (JA(A) = 2. We actually have 

A(A) = {0,n-l}. 

n 

Proof. Let V = k[[t]]. Then V = ^Aui and V = Z. Since tV C A, we see n = 

t=i 
tV = m, where m and n respectively denote the maximal ideals in A and V. Hence 
£a{V/A) = n — 1. Let A C B C V be an intermediate ring. Then B is a local ring, 
whose maximal ideal is denoted by me- We then have m = m# = n, since m = n. 
Therefore, looking at the extension of residue class fields 

k = A/n C S/n CK = V/n, 

we readily get V = B or B = A. Since 1/ = A is a discrete valuation ring, every 
m-primary ideal in A contains a reduction generated by a single element. Hence 

A(A) = {0,n-l} 

by Proposition 11.21 □ 
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